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Abstract-Based on a multiplicative decomposition of local deformation into elastic and
plastic deformations general constitutive equations of elastic-plastic materials are proposed.
Two alternative approaches are discussed: one in which the elastic deformation is used as an
independent variable, and the other in which the stress is one of the independent variables.
The appropriate material symmetries are defined, and it is shown that the plastic spin is absent
in the theory of isotropic materials. Analysis of a simple extension is given as an example.

I. INTRODUCTION

A typical stress-strain diagram of most metal bars in tension and compression tests reveals
two distinct modes of deformation. Within a certain range of loading the stress-strain
curve is reversible; the recoverable part may also include the thermal elongation caused by
temperature changes. Outside this range a residual deformation remains after loading is
removed. In classical plasticity this behavior is described by specifying constitutive equa
tions for initial yielding, subsequent yielding, and plastic strain rate.[I]

A theory of plasticity which is closer to modern continuum mechanics of finite deforma
tion begins with the work of Green and Naghdi[2]. They assume that the total Lagrangean
strain E can be decomposed into elastic and plastic strains:

(1.1)

The plastic strain tensor E was assumed symmetric at first, but later this assumption was
abandoned[3]. The constitutive equations were similar to those in the classical theory
except that the plastic strain rate was no longer assumed to be normal to tbe yield surface.

Alternatively, the deformation may be decomposed according to

C = C+ C (1.2)

where C is the Cauchy-Green deformation tensor. This is done in the investigation by
Perzyna and Wojno[4]. These authors used the work of Coleman and Gurtin[5] on thermo
dynamics for materials with internal state variables, which was also employed by Kratochvil
and Dillon[6, 7]-together with the decomposition (1.1 )-to set up theories of visco-plasticity.
Constitutive equations for inviscid plastic materials were then obtained as limiting cases.

The multiplicative decomposition of the deformation gradients

F=FF, (1.3)
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where F and F are the local elastic and plastic deformation tensors, respectively, has also
been explored (cf. [8]). Specific formulations of plasticity theory have been proposed by
Lee[9] and Freund[lO], and also by Kelly[ll] for visco-plastic materials.

In addition to these approaches, Green and Naghdi[12] showed that plasticity theory
could be incorporated into Green and Rivlin's multipolar mechanics[13] by regarding
the elastic deformation field as a dipolar displacement field. This correspondence was also
pointed out by Fox[14].

A functional theory of rate-independent materials introduced by Pipkin and Rivlin[15]
has further been developed by Owen[16, 17]. In particular, Owen showed how a plastic
deformation F could be obtained from special characteristics assumed for the functional
for stress.

Although Green and Naghdi's work provides a general framework of the classical plasticity
theory, the decomposition (1.3) seems more amenable to physical interpretation than the
decomposition (l.l). Moreover, if the strains are defined in terms of F and F, then the
elastic strain rate E is easily seen to be affected by plastic deformation rate.

Theories based on (1.3) have so far been restricted to the case of isotropic materials under
the assumption that the observer transformation can be applied as well to the plastic
configuration [10, 17]. It will be shown in section 4, however, that this is so only for iso
tropic materials but not true otherwise.

In this paper, therefore, we formulate a general theory of plasticity based on the multi
plicative decomposition (1.3), employing the approach of the classical plasticity theory.
Requisite constitutive equations are proposed in section 2 regarding the plastic deformation
F as an internal state variable. Appropriate material symmetry is discussed in section 3.
Two special cases of interest are then considered in the subsequent sections, followed by an
example on a simple extension.

2. CON S TIT UTI VEE QUA T ION S

Before stating the constitutive equations for elastic-plastic materials, it is necessary to
choose a set of variables suitable for describing plastic phenomena. This set includes a
strain-hardening parameter K that is monotonously increasing with plastic processes, and so
expresses the irreversibility of plastic processes, or, in other words, plastic ageing of materialt
The basic thermomechanical variables-free energy density tjI, Cauchy stress T, entropy
density 1'/, and heat flux q-are then determined by the set of variables, {F, 0, g, F, K}, where
() is the temperature and g the temperature gradient. The changes of F and K are given by
rate-type equations.

Introducing the ordered pairs

A = (F, 0), n = (F, K),

we set forth constitutive equations of an elastic-plastic material as follows,

tjI = tjI(A, g, n), T = T(A, g, n), 1'/ = 1'/(A, g, ll)

q = q(A, g, n), iI = H[AJ,

where H = H(A, n) is a linear operator on a ten-dimensional vector space, and

(2.1)

(2.2)

t The choice of K is not unique. In fact, without conceptual difficulty, we could introduce a set of N param
eters Kj, i = I, 2, ... , N, each of which representing, e.g. a dislocation density in a slip system in crystal
line materials[18]. Since this extension is mathematically straightforward, however, we retain the single
parameter K only.
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o o. 0 dF I ..t_
A = (F ()) F = - = FF

" dt Ii
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(2.3)

Here a superposed dot denotes material time-derivatives.
Apart from (2.2) additional information must be given concerning the existence of an

elastic range and a yield surface. Specifically, this is done by postulating a loading function
Y such that the elastic range EF(II) is described by

EF(II) = {AI YeA, II) < O},

and for all admissible processes the loading parameter Y is non-positive,

Y = YeA, II) ~ 0.

(2.4)

(2.5)

Accordingly, t~ose processes :passing through a point on a yi~ld surface are.divided into:
(I) loading, i.e. II ¥ O. Y = 0, Y> 0; (2) neutral loading, i.e. II = 0 Y = 0, Y = 0; (3) un
loading, i.e. iI = 0 Y = °Y< 0, where

Y= tr(oAYAT) = tr(oF YF T
) + 00 yeo (2.6)

Following Green and Naghdi[2] one can derive from the condition for neutral loading
that

where ® denotes a tensor product and

A= A(A, II), M = M(A, II), ( = (A, II),

(2.7)

(2.8)

and without loss of generality}, is assumed positive. Therefore, the equation for iI can be
rewritten as

where r is the ordered pair

iI = ryH( Y)H( Y),

r = (AM, 0,

(2.9)

(2.10)

(2.12)

and H(') is the Heaviside step function.
The variables A, M and ( are not independent, because any loading process should satisfy

y = Y+ tr(onYiIT) + tr[(F- 1fFT oFYFT] = 0. (2.11)

In particular, from (2.9), (2.10) and (2.11) it follows that

I + tr(onYrT) + A tr[(F- 1)TFToFYMT] = 0.

The constitutive equations are further restricted by the postulate of non-negative entropy
production,

- p(1j; +l7e) - ()-l q . g + tr(TL) ~ 0,

L :=FF- 1 ,

(2.13)

where p is the mass density. The above inequality is now applied to elastically admissible
processes, in which iI = 0, to obtain
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!/J = !/J(A, II), (p -IT(FT
) -1, - r,} = 0A !/J(A, II),

q' g ~O.

(2.14)

(2.15)
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In any process relations (2.14) remain valid if appropriate one-sided derivatives are used
at thQse points on yield surfaces. However, the heat conduction inequality is replaced by
the general dissipation inequality

(2.16)

where

is the internal dissipation. Since (J is independent of g, it further follows that

tr(8n l/trT
) ~ O.

(2.17)

(2.18)

3. MATERIAL OBJECTIVITY AND MATERIAL SYMMETRY

According to the principle of material objectivity, constitutive equations should be in
variant to all observer transformations. Therefore, F in the domain of (2.2)1' (2.5) and (2.8)
is replaced by the stretch U, and

q = Rq(U, e, RTg, nj,

where R is the orthogonal rotation tensor,

F=RU.

(3.1 )

(3.2)

Symmetry of an elastic-plastic material relative to a reference configuration is determined
by the symmetry group of its response functions based on the chosen reference configuration.
Given any response functionf other than M, the symmetry group Sf off is the set of all uni
modular tensors H that satisfy

f(F, e, g, F, K) = f(FH, e, g, FH, K) (3.3)

for all F, e, g, F, K in the domain off For the function M, the condition is modified as

M(F, e, F, K)H = M(F, e, FH, K) (3.4)

for all F, e, F, K in the domain of M. If there exist reference configurations for which the
symmetry group

(3.5)

contains the orthogonal group, then the material is called isotropic and these configurations
are said to be undistorted.

At a fixed n = (F, K) an elastic-plastic material particle behaves like an elastic material.
Therefore, it is also of interest to know any symmetry the particle may possess in that state.
To this end we take the plastic configuration defined by F as a reference configuration and
write

f(F, e, g, n) = fn(FF- 1
, e, g) (3.6)

(3.7)

for any constitutive equation. The instantaneous symmetry group at n, Sen), then consists
of unimodular tensors H that satisfy

f n(F', e, g) = fn(F'H, e, g),

H- 1Mn(F', e) = Mn(F'H, e)
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(4.1 )

for all F, eand g. The motivation for this definition will become clear in the next section.
Thus the change of (instantaneous) isotropy with plastic deformation is described by the

dependence of the instantaneous symmetry group on (F, K). An example ofthis phenomenon
is the appearance of anisotropy after metals are cold rolled.

4. ELASTIC DEFORMATION TENSOR AS INDEPENDENT
VARIABLE

For crystalline solids it is known that plastic flow is caused mainly by the motion of
dislocations and that the number and arrangement of dislocations are the prime sources
of plastic properties, e.g. strain-hardening[18]. Since the tensor F denotes the resulting
deformation from a reference configuration, it is plausible to assume that the response
functions depend on F and F through the elastic deformation F = FF- 1

, and the dependence
on plastic deformation enters only through the strain-hardening parameter K. To proceed
(2.9) is modified as

L == FF- 1 = A(F, e, F, K)M(F, e, F, K)F- 1 YH( Y)H( h
= A(F, e, F, K)N(F, e, F, K) YH( Y)H( h,

where we have introduced a new function N,

N(F, e, F, K) == M(F, e, F, K)F- 1
•

The simplified equations are then

l/J =t[JeO,e, K), T = pH oot[J OTHT, '1 = -oot[J,

(4.2)

(4.3)

q = Hq(O, e, HTg, K), Y = Y(U, e, K), and so on. Here the material objectivity has been
used to obtain the reduced forms. Furthermore, (2.6) reduces to

Y= tr(oo yO) + OoYB. (4.4)

Definition of a symmetry group S(K) at K is entirely analogous to (3.7) except that for N a
symmetry operation H satisfies

H- 1N(F, e, K)H = N(FH, e, K) (4.5)

(4.6)

identically for F and e. Moreover, (4.3)2 and (4.3h can be used to show that S"'(K) is a sub
group of both ST(K) and S"(K)[19].

Any material defined by the constitutive equations (4.3) is insensitive to the change of
reference configurations. Consequently it is not expedient to use (3.3)-(3.5) to define its
symmetry. Therefore, we redefine the isotropy of an elastic-plastic material described by
(4.3) as follows: An elastic-plastic material is called isotropic at K if S( K) contains the orthog
onal group; moreover, if the material is isotropic at every K, then it is said to be isotropic.
Hereafter, isotropy will be understood in this sense.

If the material is isotropic at K, i.e., all the response functions at K are form-invariant for
all orthogonal transformations, the plastic spin at K is absent. To show this we first note that
L = D + W, where D is the plastic stretching and W the plastic spin. Therefore, N will
consist of two functions Ns and Nw such that

D = ),Ns(O, e, K) YH(Y)H( h,
W = ANw(O. e, K) YH(Y)H( Y).
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Since W is skew-symmetric and "0 is symmetric, we can easily extend Wang's representation
theorem[20] to show that (cf. 5.8).

W O. (4.7)

for an isotropic material body.
A physical explanation for this result is given as follows. An isotropic material particle

also has isotropic distribution of dislocations. Therefore, there will be the same amount
of dislocation flow on any two perpendicular planes toward the line of intersection, thus
resulting in no plastic spin (cf. [18]).

The reduced forms of response functions and the absence of the plastic spin can also be
derived from the assumption that the observer transformation applies as well to the plastic
configuration, as was done in [10] and [17]. However, it should be noted again that this
reduction is valid only for isotropic materials in the present theory.

We now turn our attention to the internal dissipation inequality (2.18). Since

where

the internal dissipation (J becomes

A [1 A '1'(J = - - tr(PN) - P aKt/J - Y.
pO J A

Noting further that

we can write (4.10) as
I _

(J = -0 tr[(P - PR)L];:::: O.
Po

where P R is defined by

(4.9)

(4.10)

(4.11)

(4.12)P _ Po' a A NT
R- T Kt/J tr(NNT)

and Po is the initial mass density, Po =Jp.
As is clear from its definition, PR has the dimension of stress and accounts for the change

of the free energy due to plastic flow, i.e. the change of energy associated with dislocations.
It is also interesting to observe that the possibility of negative plastic working,

tr(PL) < 0,

is not ruled out. An experimental evidence and discussion concerning this may be found
in[21]. The above inequality also points out the shortcomings of defining the plastic deform
ation through a relaxation process.

5. ELASTIC RANGE IN STRESS SPACE

Frequently plastic behavior is described by constitutive equations the domain of which
includes a stress space instead of a deformation space, thus

y = Yep, 0, K), A =A(P, 0, K), N = N(P, 0, K), , = ~ (P, 0, K), (5.1)



and Yis given by
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(5.2)

(5.3)

(5.4)

At a fixed K, elastic behavior of an elastic-plastic material is described by "elastic" con
stitutive equations (4-3)1-4' and plastic behavior by "plastic" constitutive equations (5.1).
Therefore, it seems plausible to define the elastic symmetry group at K, S(K), and the plastic
group at K, S(K), respectively, by

S(K) = S:fr(K) n ST(K) n Sij(K) n S<i(K),

S(K) = SY(K) n SA(K) nSN(K) n S~(K),

with the understanding that an element of H of S(K) satisfies

f(P, e, K) = f(H-1pH, e, K),

H- 1N(P, e, K)H = N(H- 1pH, e, K)

identically for P and e. Herefis anyone of scalar functions ¥, A: and~. It is easily seen that
S(K) of the previous section is a subgroup of S(K). Correspondingly, an elastic-plastic
material is said to be elastically isotropic at Kif S(K) is the orthogonal group and plastically
isotropic at Kif S(K) is the orthogonal group.

Apart from this symmetry operation, the loading function ¥ may become invariant to
the transformation P - - P. When this happens, the material is said to have no Bauschinger
effect.

The stress P does not depend on F because

(5.5)

Thus the elastic range EF(K) in deformation-temperature space is related to the elastic
range Ep(K) in stress-temperature space through

¥(P, e, K) = ¥(P(O, e, K), e, K) = f(O, e, K). (5.6)

From this also follows a relation between the normals:

(OUij f, °0 f) = (OUij Pkm OPkm ¥, oOPkm OPkm ¥ + 00 f). (5.7)

If the material is plastically isotropic, we obtain the following representations for the
response functions: [20]t

y= ¥(I, e, K)

ANs = dol +d1 Ps + d2p/ + d3 Pw
2 + d4 (PS PW - PwPs)

+ dsPwPsPw + d6(P/PW - PW PS
2) + d7 PW P/ Pw

+ds(PwPsPw2 -PW
2PsPw), (5.8)

ANw = e1PW + e2(PS PW + PwPs) + e3(PsPw
2

- PW
2PS ),

, = ~ (I, e, K),

where I is the set of invariants,

1= {tr Ps, tr pi, tr P S
3

, tr PW
2

, tr(Ps Pw
2
), tr(p/pw

2
), tr(P/Pw

2Ps Pw)},

t The subscripts Sand W denote the symmetric and skew-symmetric parts, respectively.
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and d/s and e/s are scalar-valued functions of I, eand K. If the material is also elastically
isotropic, then the stress P becomes symmetric,

1 ~-1 ~-T~ ~~ ~T
- P = U But/JU U = But/J(U, e, K)U , (5.9)
Po

and so the plastic spin W = ANwYvanishes (cf. 4.7).
When yielding is independent of hydrostatic pressure, the loading function Y should

satisfy
Yep, e, K) = Yep + lp, e, K) (5.10)

for any p because

In particular, taking

results in

tr P =Jtr(F-1TF) =Jtr T.

p = -ttr P

Yep, e, K) = Yep', e, K),

(5.11)

(5.12)

(5.13)

where P' is the deviatoric part ofP. The elastic range Ep(K) is now a region in a nine-dimen
sional P'-e space.

Another special case of interest is that of a rigid-plastic material, for which elastic defor
mation is always a rotation,

(5.14)
Since

(5.15)

(5.16)

(5.2) is replaced by

Y= tr(8p ypT) + 80Ye,

p = JiF(TtrD -WT + TW + T)R,

W== !(t _tT
), t == FF- 1

.

In addition, if the material is isotropic, the response functions (5.1) reduce to

Y = Y(JT, e, K), A =A:(JT, e, K), ( = ~(JT, e, K), Ns = IFN(JT, e, K)R, Nw = O. (5.17)

6. AN EXAMPLE

As an illustration we consider the simple extension of an isotropic, plastically incompres
sible elastic-plastic solid without induding thermal effects. In particular, constitutive
equations are taken to be

T = col + C1 B + c2 B- 1
, B = FFT

,

Y = S - K, S =! tr(T'T'T),T' = T -il tr T, (6.1)

_ • • AT'. .
L = ANYH(Y)H(Y) = J(2S) SH(Y)H(S),

K =SH( Y)H(S), K o = initial value of K,
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where co, c t ' C2 are scalar functions of the principal invariants Ii, IIi, Illi and A. depends
on S which is one half the second principal moment ofT'.

A simple extension is described by

x=rxUX, Y rxUY,z=UZ. (6.2)

where U is the stretch in the z direction and IX denotes the lateral contraction. The tensors F
and B are then

respectively.

[

IXU 0 0]
F =·0 IXU 0 ,

o 0 U
(6.3)

(6.4)

(a) Elastic deformation before yielding

Because F = F, the Cauchy stresses are

T T 2 V 2 -2U- 2
xx = yy = Co + CllX + CzlX ,

Tn = Co + Cl U2 + cz V- z
•

The undetermined coefficient IX is chosen so as to clear the lateral sides from the tractions
Txx and Tyy :

Co + Cl IX2 V 2 + C21X-2V-2 = O.

The stretch V is restricted to those satisfying

Y(V, K o) = S(U) - K o < O.

(b) Incipience ofyielding

Yielding occurs when the stretch V reaches Uo which is determined by

r(Vo , 1(0) = o.
(C) Elastic-Plastic deformation

Because the material is isotropic, F and If will be of the forms

(6.5)

(6.6)

(6.7)

[
aO 0 0]

F = 0 aU 0
o 0 0 [

0 0 0]
If = 0 0 ~ , U> Uo,

o 0 V
(6.8)

respectively. Hence the plastic deformation rate L becomes

_ [u/o
L= 0

o

o
G/a
o

o ]o .
UID

(6.9)

(6.10)

The Cauchy stress T is determined from (6.4) with U and IX replaced by 0 and a, respectively,
whence the deviatoric stresses are given by

T I I oziXz-l O_ziX-
z -l

xx = Tyy = Cl + C2 3'
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where &should satisfy (cf. 6.5)

Co + C1&202 + C2&-20-2 = O.

The constitutive equation (6.1)6 for L now becomes

}.Txx' dS ~

= j(2S) dO U,

ATz=' dS .:.
= j(2S) dO U. (6.11)

(6.12)

(6.13)

(6.14)

Consequently, the relation between F and F is obtained by integrating the above equations:

1 - JU ATxx' dS ~nU= -,--dU
UO ..j(2S) dO

In IT = JU ATz=' dS dO
UO ,/(2S) dO '

or, equivalently,

(
U AT f dS )

0=0(0, Vo) = exp to j(;~) dO dO ,

- - 0 (J'U ATzz' dS 0)U=U( ,Vo)=exp u
o

j(2S) dO d .

Determination of the elastic stretch 0 in terms of the total stretch V may be possible with
the aid of the compatibility condition F = FF. That is,

and further, the coefficient ex is determined from

&00 &0(0, Vo)
ex = -- = -=--:::---

V U(O, Vo) .

Thus, given a deformation of the form (6.2), the corresponding elastic deformation (or
stress) and plastic deformation can be determined.

7. CONCLUDING REMARKS

SO far theories based on a multiplicative decomposition of local deformation into elastic
and plastic deformations were by and large developed for isotropic materials only. In this
paper we have proposed a general theory without this restriction. This theory was then
simplified in the light of the observation that elastic properties are essentially preserved
when deformation is measured from a plastic configuration. Since it is a usual practice in
plasticity to use stress as an independent variable, this possibility was also explored in
connection with the other formulations. Material symmetries were discussed, which show the
change of instantaneous isotropy with plastic deformation. It is an immediate result of the
proposed theory that isotropic elastic-plastic materials have no plastic spin.

The present theory can easily be extended to formulate a theory of elastic-viscoplastic
materials. To this end we simply replace }. iT and (Y by Av and (v, respectively. The loading
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parameter Y is now any real number, not necessarily non-positive (cf. 2.5). The parameter Av

is a measure of the magnitude of plastic flow and the parameter (v represents the time-rate
of change of the strain hardening parameter K. They are functions of F, e, F and K.

The theory of section 4 can also describe perfectly plastic behavior with minor modi
fications. Since the yield function Y is independent of K, we have during a loading process

y= Y =0,

and so A and ( tends to infinity so that AY= Ao and (Y = (0 remain finite. The constitutive
equations for Ao and (0 are given by

Ao = XoCO, e, K),

(0 = 'oCO, e, K),

respectively. We may, without any difficulty, further restrict the theory to the case when all
the response functions are independent of K.
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A6cTpaKT - Ha oCHoBe MHoroKpaTHoro pa3JIOJKeHlUi MeCTHoH ~ecjJopMa~HH B YIIPyrylO H
ImaCTHqeCKYIO ~ecjJopMaUHH, npe~nOJIaralOTCli 06mHe ypaBHeHHlI COCTOllHHlI ~JIB ynpyro
nJIaCTHqeCKHX MaTepHaJIOB. 06cYJK~aIOTCB ~Ba BapHaHTHhle no~xo~hI K pemeHllIO: nepBhm,
B KOTOpOM ynpyraB ~ecjJopMaUHlI HCnOJIh30BaHa B CMhICJIe He3aBHcHMoH nepeMeHHoil: H
BTOpOH, KOTOpOM HarrpBJKeHHe lIBJIBeTCB O~HOH H3 He3aBHCHMhIX nepeMeHHhlx. Orrpe~eJlB

IOTCB CBOHCTBeHHhIe cHMMeTpHH MaTepHaJIa. AOKa3aHO, qTO nJIaCTHqeCKHH cnHH OTCyTCTByeT
B TeopHH H30TPOIIHhIX MaTepHaJlOB. B KaqeCTBe npHMepa ~aeTcB aHaJIH3 npocToro
paCTlIJKeHHB.


